Rowmotion is an invertible operator on the order ideals of a poset which has been extensively studied and is well understood for the rectangle poset. In this paper, we show that rowmotion is equivariant with respect to a bijection of Hamaker, Patrias, Pechenik and Williams between order ideals of rectangle and trapezoid posets, thereby affirming a conjecture of Hopkins that the rectangle and trapezoid posets have the same rowmotion orbit structures. Our main tools in proving this are K-jeu-de-taquin and (weak) K-Knuth equivalence of increasing tableaux. We define almost minimal tableaux as a family of tableaux naturally arising from order ideals and show for any λ, the almost minimal tableaux of shape λ are in different (weak) K-Knuth equivalence classes. We also discuss and make some progress on related conjectures of Hopkins on down-degree homomesy.
for some fixed a b, where the partial order is induced from the natural order on Z 2 . Figure 1 gives an example of the Hasse diagrams of two posets R(3, 5) and T (3, 5). The action of rowmotion on the rectangle poset R(a, b) is well studied and well understood. For instance, its orbit structure is completely understood: Propp and Roby (expanding upon a remark of Stanley [Sta08] and with further input from Hugh Thomas) explained that the action of rowmotion on the rectangle is the same as the action of cyclic rotation on binary words with a 0's and b 1's [PR15, Proposition 26]. Binary words under rotation are a fundamental example for the cyclic sieving phenomenon (see [RSW04] ). Propp and Roby called the correspondence between order ideals of the rectangle and binary words the "Stanley-Thomas word" correspondence, and they used the Stanley-Thomas word to deduce various other nice properties of rowmotion on the rectangle, such as homomesy (see Section 6.1 for more on homomesy).
The rectangle is the prototypical example of a minuscule poset. The aforementioned results concerning the nice behavior of rowmotion on the rectangle have been extended to all minuscule posets in the work of Rush and his co-authors [RS13] [RW15] .
On the other hand, rowmotion on the trapezoid poset has remained mysterious. In fact, the order of rowmotion on the trapezoid was still unknown before our work. Recently, however, Sam Hopkins [Hop19] , building on work of Hamaker-Patrias-Pechenik-Williams [HPPW18] and others, made a series of conjectures describing ways in which the two posets R(a, b) and T (a, b) are remarkably similar. In particular, Hopkins conjectured the following, which we prove as our main result.
Main Theorem (cf. [Hop19, Conjecture 4.9.1]). The action of rowmotion on order ideals of the trapezoid poset T (a, b) has the same orbit structure as rowmotion on order ideals of the rectangle poset R(a, b).
In 1983, Proctor [Pro83] proved that R(a, b) and T (a, b) have the same order polynomial, which implies in particular that they have the same number of order ideals. Since then, many different bijections between the set of order ideals of R(a, b) and T (a, b) have been As hinted at in the preceding remark, although our main theorem concerns elementary combinatorial objects and actions, some sophisticated tools from algebra and geometry underlie our proofs, as we now explain.
In [BKS + 08], Buch et al. introduced the Hecke insertion algorithm as the K-theoretic analogue of the Schensted insertion algorithm. This insertion algorithm produces a class of tableaux whose entries are strictly increasing along columns and rows, hence called increasing tableaux. Thomas and Yong [TY09] introduced a K-theoretic version of Schützenberger's jeude-taquin operation for increasing tableaux, which is the "building block" for the bijection ϕ.
We say a tableau is almost minimal if its entries are at most 1 larger than the rank of the entry. One can realize an order ideal of a rectangle poset (resp. trapezoid poset) as an almost minimal ordinary (resp. shifted) tableau (Definition 2.2). Then the bijection ϕ applies a sequence of K-jeu-de-taquin slides turning the ordinary (rectangle) tableau into a shifted (trapezoid) tableau. The cornerstone of our proof is the (weak) K-Knuth equivalence of Buch and Samuel [BS16] , which in some sense dictates the behavior of K-jeu-de-taquin on shifted and ordinary tableaux. In particular, we establish the following theorem, which is the main step to proving Theorem 1.1.
Theorem 1.4. Consider non-skew increasing tableaux.
• Almost minimal ordinary tableaux of the same shape are in separate K-Knuth equivalence classes. • Almost minimal shifted tableaux of the same shape are in separate weak K-Knuth equivalence classes.
The plan of the paper is as follows. In Section 2, we review the basics of poset, tableaux and rowmotion. Section 3 surveys the K-jeu-de-taquin theory and the bijection ϕ of [HPPW18] . Section 4 is devoted to the K-Knuth equivalence relations and a proof for Theorem 1.4. In Section 5, we prove the main result: Theorem 1.1. Lastly, in Section 6, we survey some remaining conjectures of Hopkins involving rowmotion on miniscule doppelgänger pairs.
Preliminaries
2.1. Partially Ordered Sets. We will largely follow the convention of Stanley [Sta11] on partially ordered sets.
A (finite) partially ordered set (henceforth abbreviated a poset) is a finite set P with a binary relation that is reflexive, anti-symmetric, and transitive. Two elements x, y ∈ P are comparable if we have x y or y x, and incomparable otherwise. We say y covers x or x is covered by y, denoted x ⋖ y, if x y and there does not exist z ∈ P such that x z y. The Hasse diagram of poset P is an undirected graph drawn in the plane with vertex set P, and an edge between y and x, and y drawn above x if y covers x.
A chain in a poset P is a totally ordered subset of P. We say that P is graded if all maximal (by inclusion) chains in P have the same size. We say that P is ranked if there exists a rank function rank : P → Z satisfying rank(y) = rank(x) + 1 whenever x ⋖ y. We assume all rank functions are normalized so that min{rank(p) : p ∈ P} = 1, in which case a rank function is unique if it exists. Graded posets are always ranked. The posets R(a, b) and T (a, b) are examples of graded posets, where the rank of an element (i, j) is i + j − 1.
Given a poset P, an order ideal I of P is a subset of P that is downward closed, i.e: if x ∈ I and y x in P, then y ∈ I as well. We will often use the shorthand ideal I for an order ideal I. We denote the set of order ideals of P by J(P), which is itself a poset whose partial order is given by inclusion. For any subset S of P, we define min(S) and max(S) to be the set of minimal and maximal elements of S, respectively. The set max(I) of maximal elements of an order ideal I ∈ J(P) is an antichain, i.e., a subset of P of pairwise incomparable elements. In general, the set of order ideals of P is in bijection with the set of antichains via the map I → max(I), with the reverse map sending an antichain A to the order ideal A generated by A, i.e.: the ideal A := {x ∈ P | x y for some y ∈ A}.
A linear extension of a poset P is a total ordering p 1 p 2 · · · p #P of the elements of P which extends the partial order of P in the sense that p i p j implies i < j; equivalently, a linear extension is an order-preserving bijection ρ : P → {1, 2, . . . , #P}. A related notion is that of P-partition: a P-partition of height m is an order-preserving map from P to [m] := {0, 1, 2, ..., m}. Denote by PP m (P) the set of all P-partitions of height m. There is a natural identification of J(P) and PP 1 (P) which sends an order ideal I ∈ J(P) to the indicator function of its complement P \ I. In what follows we will often implicitly identify order ideals and height 1 P-partitions in this way.
In the next subsection, we provide preliminary definitions of increasing tableaux in order to make the connection between tableaux and order ideals.
2.2.
Young diagrams and tableaux. Throughout this section let Λ denote either the positive orthant N × N with order (a 1 , b 1 ) ≤ (a 2 , b 2 ) if a 1 ≤ a 2 and b 1 ≤ b 2 , or the subset of the positive orthant {(a, b) ∈ N 2 |a ≤ b} with the induced order. We draw the positive orthant N × N in the French convention with coordinates increasing from left-to-right and bottom-to-top. We refer to elements of Λ as boxes. Boxes with the same y-coordinate form a row, and boxes with the same x-coordinate form a column. A shape is the set theoretic difference of boxes of the form λ/µ where µ λ are finite order ideals of Λ.
An (integer) partition λ is a sequence (λ 1 , · · · , λ ℓ ) of nonnegative integers with λ 1 · · · λ ℓ . Associated to a partition is its (ordinary) Young diagram, which is the shape that has λ i consecutive boxes in a row starting at (1, i) for i = 1, ..., ℓ. (Recall that we use the French convention with boxes justified down and to the left.) In this way partitions correspond to finite order ideals in the positive orthant.
A strict partition λ is a sequence (λ 1 , · · · , λ ℓ ) of nonnegative integers with λ 1 > · · · > λ ℓ . The shifted Young diagram associated to the strict partition λ is define similarly to its ordinary Young diagram. It has λ i consecutive boxes in a row starting at (i, i) for i = 1, ..., ℓ. In this way strict partitions correspond to finite order ideals in {(a, b) ∈ N 2 |a ≤ b}.
For two partitions λ = (λ 1 , λ 2 , · · · ) and µ = (µ 1 , µ 2 , · · · ), if µ i ≤ λ i for all i, then we define the skew (shifted) diagram of λ/µ to be the set-theoretic difference of the (shifted) Young diagrams of λ and µ. Similarly, we call a shape λ/µ a skew shape when µ = ∅. For example, the following two diagrams are, respectively, the skew ordinary diagram λ\µ for λ = (4, 4, 4) and µ = (3, 1), and the skew shifted diagram for λ = (4, 3, 2) and µ = (3, 1). In both examples we place •'s in the boxes belonging to µ.
We will call non-skew diagrams straight.
A filling of shape λ/µ ⊂ Λ is a function f : λ/µ → X for some set X. An increasing tableaux of shape λ/µ ⊂ Λ is a function T : λ/µ → S for a partially ordered set S such that whenever x < y in Λ, we have T (x) < T (y). As all tableaux we consider will be increasing, we will often drop the adjective "increasing" from now on. When not otherwise specified, S is assumed to be {1 < 2 < . . . }.
When S is the totally order set {1 < 2 < · · · < m} and Λ is the positive orthant, we denote by IT m (λ/µ) the set of all increasing tableaux of shape λ/µ and refer to these as ordinary tableaux. When S is the totally order set {1 < 2 < · · · < m} and Λ = {(a, b) ∈ N 2 |a ≤ b}, we denote by SIT m (λ/µ) the set of all increasing tableaux of shape λ/µ and refer to these as shifted tableaux. Figure 2 gives examples of an ordinary and a shifted tableau. Every shape is naturally a poset its boxes with partial order induced from Λ. In this way, we may apply all the poset theoretic concepts from Section 2.1 to Young diagrams. We may now talk about poset maps which are fillings f : λ/µ → S for a partially ordered set S which respect the partial order of λ/µ (i.e. f (x) ≤ f (y) whenever x ≤ y). P-partitions of Young diagrams are examples of poset maps. The rank function on Λ descends to a rank function on any Young diagram, thus we may speak of the rank of a box in a Young diagram (where we always subtract the appropriate amount so the minimal rank of a box in a Young diagram is 1).
Observe that the rectangle poset R(a, b) is the same as the ordinary Young diagram λ = ( a times b, b, . . . , b) and the trapezoid poset T (a, b) is the same as the shifted Young diagram λ = (a + b − 1, a + b − 3, . . . , b − a + 1). Figure 3 gives an example of this identification for (a, b) = (3, 5). Remark 2.1. The posets from the ordinary Young diagram λ/µ where λ = (λ n , λ n−1 , . . . , λ 1 ) and µ = (µ n , µ n−1 , . . . , µ 1 ) and the shifted Young diagram λ ′ /µ ′ where λ ′ = (λ n + (n − 1), λ n−1 + (n − 2), . . . , λ 1 ) and µ ′ = (µ n + n − 1, µ n−1 + n − 2, . . . , µ 1 ) are isomorphic. There is a bijection between IT ℓ (λ/µ) and SIT ℓ (λ ′ /µ ′ ) which realizes an ordinary tableau T of shape λ/µ as the skew tableau T ′ (x, y) = T (x + n, y). This observation will be important to the bijection ϕ. From now on, we will depict all posets as Young diagrams rather than Hasse diagrams, and will depict order ideals as {0, 1}-poset maps of these Young diagrams. By abuse of notation, we denote by IT ℓ (R(a, b)) (resp. SIT ℓ (T (a, b))) the set of all ordinary (resp. shifted) tableaux with S as the totally ordered set 1 < 2 < · · · < ℓ whose shape is the one corresponding to the poset R(a, b) (resp. T (a, b)).
The minimal tableau of a shape λ/µ is the tableau T with T (s) = rank(s) for all boxes s ∈ λ/µ. In analogy to this, we make the following definition.
Definition 2.2 (Almost minimal tableaux). An almost minimal tableau T of shape λ/µ is an increasing tableau such that T (s) − rank(s) ∈ {0, 1} for any boxes s ∈ λ/µ. Equivalently, T is obtained from an order ideal by adding rank to each entry.
It follows from the definition that there is a bijection between the set of order ideals and the set of almost minimal tableau of that shape by adding and subtracting rank. For example, the following tableau 3 5 6 7 8 2 3 4 6 7 1 2 3 4 6 corresponds to the example in Figure 4 .
Remark 2.3. For an ordinary (resp. shifted) Young diagram λ/µ which is graded, the map which subtracts rank(s) from each entry s is a bijection from IT ℓ+rmax (λ/µ) (resp. SIT ℓ+rmax (λ/µ)) to PP ℓ (λ/µ) (This is essentially [DPS17, Theorem 4.7]; see also [HPPW18, Section 6.2]). In this situation, IT rmax+1 (resp. SIT rmax+1 ) is exactly the set of almost minimal tableaux of shape λ/µ. Both the rectangle and trapezoid are graded posets, thus we obtain bijections Proposition 2.6. For p ∈ P and order ideal I, we define the toggle operation of p on I as follows.
Then rowmotion is just performing toggles 'row by row' 1 from the largest to smallest, i.e.
where p 1 · · · p n is any linear extension of the poset P.
Rowmotion is generalized by Eisenstein and Propp [EP14] to a piecewise linear action on P-partitions (or equivalently, order polytopes), in which toggles are given by a tropical exchange relation:
Rowmotion on order ideals is the same as piecewise linear rowmotion on the corresponding height-1 P-partition. We will discuss piecewise-linear rowmotion more in Section 6.2.
K-jeu-de-taquin and the Bijection ϕ
In this section we describe the bijection ϕ between P-partitions of the rectangle R(a, b) and the trapezoid T (a, b) as well as other minuscule doppelgänger pairs shown in Figure 6 . The construction is based on K-jeu-de-taquin slides of Thomas and Yong [TY09] .
3.1. K-jeu-de-taquin Theory for Increasing tableaux.
Definition 3.1. Call two boxes s, s ′ adjacent if s covers s ′ or s ′ covers s. We define the swap of two entries a, b in a filling f to be the filling swap a,b (f ) such that for all x ∈ P:
Next, we can describe K-jeu-de-taquin as a sequence of swaps.
Definition 3.2. Let T : λ/µ → {1 < 2 < · · · < ℓ} be an increasing tableaux. Let C be some subset of maximal elements in µ and define
The K-jeu-de-taquin forward slide of C is the tableaux
The K-jeu-de-taquin reverse slide of a subset of minimal elements C ′ in Λ/λ is defined similarly by
and
Both of the above are commonly referred to as K-jdt slides.
We define the bijection ϕ for the case of rectangle and trapezoid. For the definition of ϕ for other doppelgänger pairs, see [HPPW18, Section 6].
Definition 3.3. Given an increasing tableau T ∈ IT ℓ (R(a, b)) of the rectangle, one obtains an increasing tableau ϕ(T ) ∈ SIT ℓ (T (a, b)) as follows:
(1) Realize T as a the skew shifted tableaux T ′ as in Remark 2.1 (with n = a).
(2) Continually perform K-jdt forward slides with C as all maximal elements of the skew part until the resulting shifted tableaux is straight.
In other words, let S be the minimal shifted tableaux of shape (a − 1, a − 2, . . . , 1) where we overline the entries of S to distinguish them from the entries of T . Then
In [HPPW18] , Hamaker, Patrias, pechenik and Williams proved that ϕ is indeed a bijection between IT ℓ (R(a, b)) and SIT ℓ (T (a, b)). Furthermore, via the bijections
In particular, specializing to the case m = 1, ϕ is a bijection from J(R(a, b)) to J(T (a, b)). We are interested in how ϕ interacts with the action of rowmotion. In the case of order ideals, we prove the following theorem.
Theorem 1.1. For any minuscule doppelgänger pair ( Figure 6 )
the map ϕ commutes with rowmotion on order ideals of the pair. In other words, we have a commutative diagram:
Although the main theorem considers three minuscule doppelgänger pairs, the only difficulty comes from the case of the rectangle and the trapezoid. We present a proof of the other cases here, and defer the main proof to Section 5.
Proof for the cases of (OG(6, 12), H 3 ) and (Q 2n , I 2 (2n)). The case (OG(6, 12), H 3 ) amounts to checking finitely many applications of ϕ and rowmotion, which we have carried out using Poset Name Hasse Diagram Hasse Diagram Poset Name Figure 6 . The names and Hasse diagrams of the three doppelgänger pairs considered in [HPPW18] , adapted from [HPPW18, Figure 1 ] a computer program. For the other case, note that each of the posets Q 2n and I 2 (2n) only has 2 rowmotion orbits, one of size 2n−2 and the other of size 2. If I ∈ J(Q 2n ) is in the orbit of size 2, then ϕ(I) is also in the orbit of size 2 in J(I 2 (2n)), hence rowmotion commutes with ϕ for such I. For any ideal I in the other rowmotion orbit of J(Q 2n ), I consists of all elements of J(Q 2n ) of rank ≤ m for some m. In this case, it can be seen that ϕ(I) is the set of elements of J(I 2 (n)) of rank ≤ m, which is the same m as for I. Observe that for a graded poset P with all maximal elements of P having rank m + 1, and the ideal I ⊆ P consisting of all elements ≤ m, the minimal elements of P \ I are the elements of rank m + 1, thus Row(I) is either the ideal consisting of all elements of a poset P of rank ≤ m + 1 or the empty ideal. Since Q 2n and I 2 (2n) are graded posets and both have the same maximal rank, we conclude that ϕ commutes with rowmotion on (Q 2n , I 2 (2n)) 3.2. Rowmotion via K-jeu-de-taquin. We can describe rowmotion as a composition of K-jdt slides. This is done in [DPS17] under the name K-promotion, which is the K-theoretic analogue of Schützenberger's promotion action on standard Young tableaux.
Definition 3.4 (K-promotion). Fix a shape λ/µ. For an ordinary or shifted tableau T ∈
1) Turn the tableau into a tableau T 1 of shape λ/(µ ∪ T −1 (1)) by removing the minimal entry 1 and subtracting 1 from all other entries. 2) Send
This is called K-rectifying T 1 within λ/µ. Call the resulting tableau T 2 . 3) Add ℓ to boxes such that the resulting tableaux is the shape λ/µ. In other words, K-pro(T ) is the tableau with shape λ/µ with
In the case where there does not exist a 1 in the tableau, K-promotion simply decrements each entry by 1.
Recall from Remark 2.3 that for (ordinary or shifted) shapes that are graded, almost minimal tableaux are exactly the tableaux in IT rmax+1 (λ/µ) or SIT rmax+1 (λ/µ). Rowmotion is related to K-jeu-de-taquin via the following lemma:
Lemma 3.5. For an ordinary (resp. shifted) Young diagram λ/µ which is graded as a poset, K-promotion on IT rmax+1 (λ/µ) (resp. SIT rmax+1 (λ/µ)) is equivariant to the inverse action of rowmotion on the corresponding order ideals.
Dilks, Pechenik and Striker prove a slightly different statement; specifically on the rectangle, a flip of our bijection between PP ℓ (R(a, b)) and IT ℓ+a+b−1 (R(a, b)) described in Remark 2.3 is an intertwining operator between rowmotion on J(R(a, b) × [ℓ]) and K-promotion on and show that for
For a graded poset, define H i to be product of all toggles τ p where p has rank i. From the alternate description of rowmotion in terms of toggles (see Proposition 2.6), inverse rowmotion can be written
Proof. By [DPS17, Proposition 2.5] and the toggle description of rowmotion, it is enough to show for ordinary or shifted shapes, the following diagram commutes for 1 ≤ i ≤ r max
where Ψ is the bijection from Remark 2.3. Equivalently, viewing order ideals as as {0, 1}poset maps and Ψ as adding rank, for any {0, 1}-poset map f on λ/µ and any square Remark 3.6. As in Lemma 4.2 in [DPS17] , the above argument can be extended to show Ψ in an intertwining operator between inverse rowmotion on J(λ/µ × [ℓ]) and K-promotion on IT ℓ+a+b−1 (λ/µ) (resp. SIT ℓ+a+b−1 (λ/µ)) for an ordinary (resp. shifted) tableau λ/µ which is graded.
Example 3.7 (Inverse rowmotion as K-promotion). The connection between the bijection of ϕ and rowmotion is most apparent in their use of K-jeu-de-taquin slides. In this section, we will introduce some invariants of K-jeu-de-taquin and use these invariants to prove Theorem 1.1 through considering rowmotion and ϕ in terms of K-jeu-de-taquin slides.
4.1. K-jdt equivalence for ordinary and shifted tableaux. Using the forward and reverse K-jdt slides in Definition 3.2, we may define an equivalence relation on tableaux in Λ for a fixed Λ. For a fixed poset Λ, two tableaux T, T ′ in Λ are considered K-jdt equivalent if T can be reached from T ′ by a series of K-jdt slides. We will be concerned with K-jdt equivalence of ordinary and shifted tableaux. In particular, in the bijection ϕ, the realization T ′ of a tableaux of the rectangle as a skew shifted tableaux is K-jdt equivalent to ϕ(T ′ ) since ϕ can be written as a the composition of K-jdt slides.
Proposition 4.1. T ′ and ϕ(T ) are K-jdt equivalent shifted tableaux.
For an increasing tableaux T : λ/µ → {1 < 2 < · · · < m}, define the tableaux T | [a,b] as the restriction of T to T −1 ([a, b]) ⊆ λ/µ. A useful consequence of the way that we perform the swaps, is that if we restrict two K-jdt equivalent tableaux T, T ′ to the same interval [a, b], then a slight modification (essentially a restriction) of the K-jdt slides which change T into In [BS16] , Buch and Samuel show that K-jdt equivalence for ordinary and shifted tableaux can be described by K-Knuth and weak K-Knuth equivalence relations of their reading words, respectively. In light of the above theorems, we say two ordinary tableaux are K-Knuth equivalent if their row reading words are K-Knuth equivalent and we say two shifted tableaux are weak K-Knuth equivalent if their row reading words are weak K-Knuth equivalent.
The reader may notice that K-Knuth and weak K-Knuth equivalence are similar and hence believe that K-jdt equivalences of ordinary and shifted tableaux are related. This is true. For a shifted tableau T , we may construct an ordinary tableau by reflecting T across the diagonal. Concretely, we define T 2 to be the ordinary tableau with boxes (i, j), Buch and Samuel also conjecture that the converse of the above proposition is true.
4.2.
Hecke permutations. While weak K-Knuth and K-Knuth equivalence of row reading words completely describe K-jdt equivalence, these equivalences can be difficult to work with. Buch and Samuel [BS16] introduce a simpler yet cruder invariant of K-jdt on ordinary tableaux and use this invariant to prove minimal tableaux are unique rectification targets (unique in their (weak) K-Knuth class among all straight tableaux). This invariant is called the Hecke permutation. The Hecke product of a permutation u and a simple transposition
). The Hecke permutation of a tableau T with reading word u = a 1 a 2 a 3 . . . a k , is the Hecke product s a k · (s a k−1 · (s a k−2 . . . (s a 2 · s a 1 ) . . .)) which is a permutation on max(a 1 , a 2 . . . , a k ) + 1 elements. We will denote this permutation by w(T ) or w(u).
If two tableaux reading words u and u ′ are K-Knuth equivalent, then we have w(u) = w(u ′ ) (although the converse need not be true). In particular, this implies Corollary 4.9. [BS16, Corollary 6.5] The Hecke permutation of an ordinary tableau is invariant under K-jdt slides.
4.3.
Minimal ideals and K-Knuth equivalence. Although our proof of Theorem 1.1 will only involve almost minimal tableaux, our main theorem in this subsection will be more general and we will need more general notations:
Definition 4.10. Given an increasing tableau T of shape λ/µ, its minimal ideal is the set of boxes s such that T (s) − rank(s) = 0. This set is downward closed and thus is an order ideal of the poset λ/µ. For convenience will denote the minimal ideal of T by I 0 and the minimal ideal of T ′ by I ′ 0 .
Our results in this section will come from analyzing the Hecke permutations of ordinary tableaux. We will specifically be interested in finding where elements i occur in the Hecke permutation formed by the row reading word of a tableau.
Proposition 4.11. Let T be a tableau and T r be the tableau T without the first r rows, then for any i, w
Proof. Let m = w(T r ) −1 (i). Each time we compute the Hecke product of w with a transposition s n , only the n-th and (n + 1)-th entries of w is changed. Since each row of T is increasing, the entry m − 1 only appears at most once in the r-th row. Thus
The proposition now follows by induction.
In the following lemma, R i (T ) denotes the ith row of the tableau T .
Lemma 4.12. Let I 0 be the minimal ideal of a straight ordinary tableau T .
Proof. For each r with |R r (T )∩I 0 | > 0, the first element in the r-th row is the first appearance of r in the row reading word of T . Using this fact, we can see that the |R r (T ) ∩I 0 | part of the reading word in w(T r−1 ) transposes the element r with its neighbor successively |R r (T ) ∩ I 0 | times. When |R r (T ) ∩ I 0 | = 0, there is no r in the tableaux T r−1 . This yields
For any integer a, if
then w(T r−1 ) −1 (a) = w(T r ) −1 (a) − 1.
(3) (i) We will prove by induction that for all j ≤ i
This will be enough to prove (i). Our induction here is on j, with the base case as j = i which follows from equation 1. For the inductive step, suppose for j ≤ i w(T j−1 ) −1 (i) = |R i (T ) ∩ I 0 | + j.
By our assumption, |R
Finally our argument around equations 2 and 3 finish our inductive step.
and by Proposition 4.11, we conclude Since almost minimal tableaux are completely described by their shape and their minimal ideal, as a corollary we conclude: Theorem 1.3 (ordinary shape). For any (weak) partition λ, all almost-minimal tableaux of shape λ are in separate K-Knuth equivalence classes.
To extend the above two results to shifted tableaux, we will use the connection bewteen K-jdt of the shifted tableau T and K-jdt of the ordinary tableau T 2 . Notice in an ordinary tableau, rank(i, j) = rank(j, i). It follows for a straight shifted tableau T , for any box s = (i, j) ∈ T 2 , T 2 (s) − rank(s) = T 2 [(j, i)] − rank(j, i). Thus T is almost minimal if and only if T 2 is almost minimal and two minimal ideals of tableaux T and T ′ are equal if and only if the minimal ideals of T 2 and T ′2 are equal. Our above ordinary shape results combined with these observations and Proposition 4.7 imply that:
Theorem 4.12 (shifted shape). Let T and T ′ be K-jdt equivalence straight shifted tableaux with minimal ideals I 0 and I ′ 0 . Then I 0 = I ′ 0 . Theorem 1.3 (shifted shape). For any strict partition λ, all almost-minimal tableaux of shape λ are in separate weak K-Knuth equivalence classes.
Remark 4.14. A unique rectification target is a straight tableau T such that it is the only straight tableau in its K-jdt equivalence class. Unique rectification targets are crucial to the K-theoretic origins of K-jdt in [TY09] . They have been further studied in [BS16] and [GMP + 16] , the former of whom showed that minimal tableaux are unique rectification targets. Similar to [GMP + 16, Proposition 2.43], Theorem 4.13 describes an invariant of K-jdt rectifications and could have nice implications for unique rectification targets. One might ask if almost minimal tableaux are unique rectification targets but this is not always the case, as the below example shows: The last ingredient we will need to prove that the bijection of [HPPW18] commutes with rowmotion on order ideals is the following corollary: Recall from Proposition 4.1 that the bijection ϕ : IT ℓ (R(a, b) ) → SIT ℓ [T (a, b)] of [HPPW18] preserves K-jdt equivalence (and hence weak K-Knuth equivalence). Recall, as described in Section 2.2, that we may restrict ϕ to almost minimal tableaux, a.k.a., order ideals, to get a bijection ϕ : J(R(a, b)) → J (T (a, b) ). Then we have the following corollary of Theorem 1.3:
Corollary 4.17. The bijection ϕ acting on order ideals can be described as matching each almost minimal tableau of the rectangle with its unique weak K-Knuth equivalent almost minimal tableau of the trapezoid.
Commuting of Rowmotion and ϕ
We have now built up the machinery to finally prove Theorem 1.1.
Using the definition of rowmotion as inverse K-promotion, we will show that performing the above process preserves weak K-Knuth equivalence of order ideals of the rectangle and trapezoid i.e. if I is weakly K-Knuth equivalent to J, then Row −1 (I) is weakly K-Knuth equivalent to Row −1 (J). By Corollary 4.17 this implies that rowmotion inverse commutes with ϕ and thus rowmotion commutes with ϕ. Let T and T ′ be almost minimal of the rectangle and trapezoid which are K-jdt equivalent (by Corollary 4.17 this is equivalent to ϕ(T ) = T ′ ). Let r m = a + b be the rank of maximal elements in the posets. Recall the three step definition of K-promotion from Definition 3.4. Let T 1 , T 2 , T 3 be the results of performing steps 1, 1 and 2 and 1,2 and 3 of K-promotion respectively on T and define T ′ 1 , T ′ 2 , T ′ 3 similarly for T ′ (thus T 3 = Row −1 (T ) and T ′ 3 = Row −1 (T ′ ) by Lemma 3.5). By Lemma 4.2, T | [2,rm+1] and T ′ | [2,rm+1] are K-jdt equivalent. Thus T 1 and T ′ 1 are K-jdt equivalent. Performing K-jdt preserves K-jdt equivalence, thus T 2 and T ′ 2 are K-jdt equivalent. By Corollary 4.17, T 3 is K-jdt equivalent to an almost minimal tableau T * of the trapezoid. By Lemma 4.2,
Finally Corollary 4.17 implies that ϕ(Row −1 (T )) = Row −1 (T ′ ) = Row −1 (ϕ(T )). The fact that ϕ commutes with Row −1 of course implies that it commutes with Row as well.
The above proof completes all cases of Theorem 1.1.
Remaining Conjectures on Doppelgänger Pairs
An increasing number of results, as well as computational evidence, suggest that the posets P and Q in a minuscule doppelgänger pair (P, Q) are remarkably similar. Hopkins [Hop19] conjectured a number of properties the members of a minuscule doppelgänger pair share that posets with isomorphic comparability graphs share, and asked why these pairs behave "as if they have isomorphic comparability graphs" (see [Sta86, Section 4] for basic properties shared by posets with isomorphic comparability graphs). As with our Theorem 1.1, in most of these conjectures, the only difficult case is the one involving the trapezoid poset. Here we will discuss two of Hopkins's conjectures, and how they relate to our main theorem.
6.1. Down-Degree Statistic and Homomesy. For a poset L, the down-degree of an element x ∈ L (denoted ddeg(x)) is the number of elements in L which x covers. Recently, there has been a great deal of interest in understanding the down-degree statistic for certain posets L, and in particular computing the expected value of this statistic with respect to various natural probability distributions on L (see [RTY18] [CHHM17] [Hop17] ). In the case when L = J(P) is the set of order ideals of another poset P, we have that ddeg(I) = # max(I) for I ∈ J(P). In this context, the down-degree statistic is also called the antichain cardinality statistic (as explained in Section 2.1, I → max(I) is a bijection between the order ideals and antichains of P). Hopkins showed that such a bijection Φ exists if P and Q are posets with isomorphic comparability graphs.
Our Theorem 1.1 shows that we can always find a bijection Φ satisfying at least condition (1). In order to show that condition (2) is also satisfied, ideally we would show that the bijection ϕ : J(R(a, b)) → J (T (a, b) ) preserves down-degree. But this is easily seen to be false: indeed, no bijection J(R(a, b)) → J (T (a, b) ) that commutes with rowmotion can preserve down-degree for (a, b) = (3, 4), as there exists a rowmotion orbit O of the rectangle with different multiset {ddeg(I) : I ∈ O} compared to any rowmotion orbit O ′ of the trapezoid. Instead, as we now explain, to show that (2) is satisfied we can establish a homomesy result. easily implies that down-degree is homomesic with respect to the action of rowmotion on the order ideals of the rectangle. This result was extended to all minuscule posets in [RW15] . Therefore, to show that condition (2) in Hopkins's conjecture is satisfied (for any Φ satisfying condition (1)), we only need to show that down-degree is homomesic with respect to rowmotion for each of T (a, b), H 3 , and I 2 (2n). For H 3 , I 2 (2n), T (1, b), T (2, b), and T (a, a), this is known to be true [Hop19, Proposition 4.13] . In what follows we will prove this homomesy also for T (3, b), and explain how our approach might possibly be extended to prove homomesy for all T (a, b) .
In fact, we will prove a slightly stronger condition, namely that for certain symmetric distributions µ of order ideals in J (T (a, b) ), the expected down-degree is ab/(a + b). First, we define the antichain toggleability statistics. Let P be a poset. For an antichain A of P and an order ideal I ∈ J(P), we define Here for a probability distribution µ on a finite set X and a statistic f : X → R we use E[µ; f ] to denote the expectation of f with respect to µ. We call a distribution µ on ideals in a poset toggle on anitchains-symmetric if for any fixed antichain A,
Notice a toggle on antichains-symmetric distribution is a toggle-symmetric distribution. A distribution which is uniform on a rowmotion orbit O ⊆ J(P) (and zero outside this orbit) is toggle-symmetric (see [CHHM17, Theorem 2.14] ). In fact, the same reasoning implies such a distribution is toggle on antichains-symmetric: In [CHHM17] it was shown that for any toggle-symmetric distribution µ on J(R(a, b)), we have E[µ; ddeg] = (ab)/(a + b) (this combined with Lemma 6.2 shows down-degree is homomesic with respect to the action of rowmotion on J (R(a, b) ).) In fact, in [CHHM17] they proved that for a larger family of ordinary shapes λ/µ, including the rectangle, the expected down-degree is the same for any toggle-symmetric distribution on the order ideals of λ/µ; and in [Hop17] , this result was extended to a family of shifted shapes. However, it is not the case that every toggle-symmetric distribution on J(T (a, b)) has the same expected down-degree (see [Hop17, Example 4.7] ). Nevertheless, we conjecture something slightly weaker is true:
Conjecture 6.3. For any toggle on antichains-symmetric distribution µ on J (T (a, b) ), E[µ; ddeg] = ab/(a + b).
Observe that Conjecture 6.3 together with Lemma 6.2 would imply that down-degree is homomesic with respect to the action of rowmotion on J(T (a, b)) (and hence resolve the conjecture of Hopkins mentioned at the beginning of this section). Conjecture 6.3 is known to be true for a = 1, 2, b (see [Hop17] ). We show that it also holds for a = 3; that is, our main result in this section is:
Theorem 6.4. For any toggle on anitchains-symmetric distribution µ on J(T (a, b)) with a ≤ 3
Corollary 6.5. For a ≤ 3, down-degree is homomesic with respect to the action of rowmotion on J (T (a, b) ).
Before we proceed, recall the labeling of the trapezoid poset which is induced from the labeling of {(a, b) ∈ N 2 |a ≤ b}, namely the minimal element is labeled (1, 1) and the maximal elements are labeled (i, a + b + 1 − i) for 0 ≤ i < a, see Figure 8 for an example. Note that as compared to the normal Cartesian plane, in our coordinate system the horizontal coordinate is the second coordinate. For notational convenience, when dealing with the trapezoid poset T (a, b), we use λ i as shorthand for a + b + 1 − i.
Definition 6.6. A rook on the (i, j) square of a trapezoid T (a, b) is a linear combination of statistics We say that the rook attacks a square p if c − p + c + p = 0, in which case we will say the rook attacks p, c − p + c + p times. As we see in Figure 8 , a rook on the trapezoid will attack the squares that lie in the same row and column, with the exception that once we reach the leftmost or upmost part of the row/column, the rook starts attacking squares (or pairs of squares) that lie on the diagonal. Remark 6.7. The name "rook" comes from [CHHM17] where they used similar equations on various tableaux. On rectangular tableaux, the rook attacked all the squares in the same row and column as it; hence the name "rook." Figure 8 gives a visualization of two rooks. Remark 6.8. Hopkins actually considered a slightly different rook equation which he called
is a linear combination of toggles of single element antichains and is equal to out R i,j minus the term
He called the above term C shift i,j (λ, I) where λ is the shape of the shifted Young diagram. See [Hop17] for more details.
Our rooks satisfy the nice property that: Proposition 6.9. [Hop17, Lemma 4.4] For any order ideal I ∈ J (T (a, b) ), we have R i,j (I) = 1.
Using the rook approach, we are able to give a formula for the expected down-degree. Lemma 6.10. For any toggle-symmetric distribution µ on J (T (a, b) ),
Proof. Consider the linear combination of statistics f :
We will compute E[µ; f ] in two ways. On one hand, for any ideal I, 
Over a toggle-symmetric distribution µ, E[µ; p c p T p ] = 0. Using linearity of expectation:
Comparing our two equations for E[µ, f ] yields the desired result.
Our goal is now to evaluate the "error term", that is, the term
appearing in Lemma 6.10. We will show that the error term is 0 for toggle on antichainssymmetric distributions µ on T (a, b) for a ≤ 3.
We will show the error term is 0 for toggle on anitchains-symmetric distribution µ on T (a, b) with a ≤ 3: where I C is the complement of the ideal I. The second to last equality follows from the fact that if an ideal I is cut out with a -shaped nook identifying a maximal element of I in the j-th collumn, then it must be followed by a -shaped nook identifying a minimal element of the complement of I in the j + 1-th collumn and vice versa. Noting that a 1 = 0, we now compute:
a i = 0.
In particular, the above lemma says that a toggle-symmetric distribution µ satisfies E[µ; ddeg] = ab/(a + b) if and only if our error term form Lemma 6.10 is equal to
Thus we have 
Lemma 6.13. For a toggle on antichains-symmetric distribution µ on J (T (a, b) ),
Proof. Define the subsets of antichains S − : = {{(i, j), (i ′ , j ′ )} ⊆ T (a, b)|j = j ′ + 1, i < i ′ ≤ j ′ , j < λ i },
To get the first equality, we consider the following linear combination of statistics f : J (T (a, b) ) → R f : =
We compute E[µ; f ] in two ways. First notice that if you can toggle in an antichain in S + , then you can toggle out an antichain in S − , thus for all ideals I, f (I) = 0 and so E[µ; f ] = 0. Next by toggle on anitchains-symmetry and linearity of expectations:
We get the second equality from toggle on antichains-symmetry:
Proof of Theorem 6.4. Case 0: a = 1:
In this case, our trapezoid poset is isomorphic to the rectangle poset R 1,b . Case 1: a = 2: This follows from Proposition 6.12 and Lemma 6.13. Case 2: a = 3 Between Proposition 6.12 and Lemma 6.13, all that remains, is to show Thus we conclude the theorem. Piecewise-linear rowmotion is the product of piecewise-linear toggles for any linear extension p 1 , p 2 . . . p n , Row P L := τ P L p 1 • τ P L p 2 • . . . • τ P L pn . Via the identification (1/ℓ)Z P ∩ O(P) ≃ PP ℓ (P), we get an action Row P L : PP ℓ (P) → PP ℓ (P) of piecewise-linear rowmotion on P-partitions.
Hopkins [Hop19] conjectures that the orbit structures of P-partitions of height ℓ on minuscule doppelgänger pairs under piecewise-linear rowmotion are the same. Our main theorem answers this conjecture in the case ℓ = 1. However, the bijection ϕ fails to commute with piecewise-linear rowmotion on higher height P-partitions.
A question this raises is whether a slight modification of ϕ can commute with piecewise-linear rowmotion. There is a natural way to modify ϕ to yield a bijection between IT ℓ (R(a, b) ) and SIT ℓ (T (a, b)) (and hence via Remark 2.3 between P-partitions of these posets):
